
Fig. 1 – A triangle. The angles α (or
A), β (or B), and γ (or C) are
respectively opposite the sides a, b,
and c.

Law of cosines
In trigonometry, the law of cosines (also known as the cosine formula or cosine rule)
relates the lengths of the sides of a triangle to the cosine of one of its angles. For a triangle with
sides   and  opposite respective angles   and  (see Fig. 1), the law of cosines states:

The law of cosines generalizes the Pythagorean theorem, which holds only for right triangles: if
 is a right angle then  and the law of cosines reduces to 

The law of cosines is useful for solving a triangle when all three sides or two sides and their
included angle are given.

The theorem is used in solution of triangles, i.e., to find (see Figure 3):

the third side of a triangle if one knows two sides and the angle between them:

the angles of a triangle if one knows the three sides:

the third side of a triangle if one knows two sides and an angle opposite to one of them (this side can also be found by two

Use in solving triangles
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Fig. 3 – Applications of the law of
cosines: unknown side and
unknown angle.

Given triangle sides b and c and
angle γ there are sometimes two
solutions for a.

applications of the law of sines):[1]

These formulas produce high round-off errors in floating point calculations if the triangle is
very acute, i.e., if c is small relative to a and b or γ is small compared to 1. It is even possible to
obtain a result slightly greater than one for the cosine of an angle.

The third formula shown is the result of solving for a in the quadratic equation
a2 − 2ab cos γ + b2 − c2 = 0. This equation can have 2, 1, or 0 positive solutions
corresponding to the number of possible triangles given the data. It will have two positive
solutions if b sin γ < c < b, only one positive solution if c = b sin γ, and no solution if
c < b sin γ. These different cases are also explained by the side-side-angle congruence
ambiguity.

Book II of Euclid's Elements, compiled c. 300 BC from material up to a century or two older,
contains a geometric theorem corresponding to the law of cosines but expressed in the
contemporary language of rectangle areas; Hellenistic trigonometry developed later, and sine
and cosine per se first appeared centuries afterward in India.

The cases of obtuse triangles and acute triangles (corresponding to the two cases of negative or
positive cosine) are treated separately, in Propositions II.12 and II.13:[2]

Proposition 12.
In obtuse-angled triangles the square on the side subtending the obtuse angle is
greater than the squares on the sides containing the obtuse angle by twice the
rectangle contained by one of the sides about the obtuse angle, namely that on which
the perpendicular falls, and the straight line cut off outside by the perpendicular
towards the obtuse angle.

History
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