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Problem1_ Logan p. 157
#8

Find the Laplace transform offA)= (-24/1--3)
L[f ]b) = % FHA-3) e-stdt
= [ the

- stdt= e-" 5%4-+3)2éᵗdt
= e-

3sµ tzéstdt
+ 6fit e-stat

+ 958e-stdt)
= e-
" ( ¥25s- 6¥s+a)%él

= e-3s (% +↳+%)



Problem's Logan p . 157 #9

Invert FH=¥y
Well

, [ eft e-
St

dt=¥z
So if I take ¥35s of both sides,
Iget
fit eite-stdt-I.EE#+

Therefore fit)=£t3eZᵗ
Problem's Logan p. 158 ¥10

Invent Fls)=1-E
The# term is easy . Its inverse is £ .

[ use the usual differentiation trick
as was just done in the

- its previous problemwhat about¥ ?
We" S? HH-He -stdt-S.ie#dt-e-ts-
Take -¥, of both sides fftHH-Héˢᵗdt

=4e→%+¥é "
so -

2-
'

[
'

= t-tn-H-t-tHH-t.IT
= t - It -d) HH- H



Probing (cont'D) Graph it.
FHM

÷¥¥i÷⇒
We are done

,
but I want to double-check

.

Let's do the integral of the function we
have graphed . It is :

5 ! te-stdtttffe-stdtne-stdt-tf.te-st.lt
= -¥sI%É¥É;%¥¥EE
- ¥11K"-D) + 4- + + He

- "
- it

= -3=6-+2 ) -4*14+41-+1<3-6*-14
= stall - e-%)
Given all the possible sources of
algebraic error, it is nice to

have this double- check .



Throbbing Logan p. 158¥11
Solve ×"tkx=(1-HH-F://c.sk/-
with 414--0 , ✗44--0, and 1<=2 .
Laplace transform the equation forget
5×6 ) -2×0%0%1<2×61

= L[ ( 1- Alt - Dusk#
✗Is)=¥*L[ (1- HH- Dasht]H

in

£ /eikt-e-ik-y-sa-w.tk#tE--i
first term was easy- because
we have done L [cos]
a few times already

-¥A[H¥¥I÷E¥÷÷¥BH
use the shift pattern

=¥z[sÉ→ - e-
⇔"¥+*]

So now I have to invert that !?

This is doable
,
but let's try another

approach and then get back to this one .



Problemt (cont 'D ) [approaoIÑtH
From t=0 to t= talk

This is a nice ordinary resonance
problem .

✗
"
1- KZX = cos Iet with

✗14--0
-1%1=0
1<=2

The particular solution is
A- b- sinkt

2.Akcoskt = coskt A -_¥
Xp A) =# tsinkt
This solution already satisfies
Xp It)=o and Xp

' /t )- o
so we don't need to add in any
homogeneous solution

.

When

t-tn-lkxi.it#--z-iE-sinktE---o
and

x.in#--E(sin*-I-;:--k.skE;=1--YI-



Problemt (contd )
xp 1¥)=o and xp

' /¥ )=Z¥ become

the initial conditions for the t ≥ !¥
homogeneous problem . We can write the

homogeneous solution as
✗ i. A)= Gcosklt

- Itczsinklt - ¥1
✗ n /¥)- 4 ,

Xi /¥1 __ kez
"
◦

"
ZI
k

5. for t ≥ talk ,

✗A)= ZE-as.int/t-YE)--YI-zsinkt
In summary , by

this approach,
✗A) =# tsinkt o≤t≤ 1¥

✗ It)=3⇒sinkt Y÷≤ t

Or
,
if we use that 1<=2

✗ A) = ¥ tsimztost-2.it

✗ A)= E- sin# zñ≤ t



Done with patchProblemts (CONT 'D) method. Back to
Laplace transform method.We got as far as :

¥1s)=sz%[sÉ→ - e-
+"""
←+*]

This pattern comes up so often I just wantto deal with it generally :

2-
'

[61s) (1-e-"1)A)= glt) - Htt - a)glt-a)
Now I will deal with sz¥zp by noticing
that it is

_ {¥ ¥1s .

But ¥+1,2 is
⇐sinkt so ⇔⇒p is It :-< sinkt.
I think we can put all this into a

final answer now :

xltt-z-tsinkt-HH-t.FI/t-E/sink/t-E7-zk---ktsinkt+HH-t:);sinkt Tink
- HH-E) tsinktK Ik

Put in 1<=2 (the original problem ) :
✗It)=¥ tsinztl-HH-HEsinkl-HH-2.it/f-tsin2t

We have perfect agreement with thepatch method .



Plot of Solution to Logan p. 158 #11

In[! ]:= Plot[Piecewise[{{t Sin[2 t] / 4, t ≤ 2 Pi}, {Pi Sin[2 t] / 2, t > 2 Pi}}], {t, 0, 6 Pi}]

Out[! ]=
5 10 15

-1.5

-1.0

-0.5

0.5

1.0

1.5

Let’s blow up the region at 2π to make sure we have what looks like a smooth join:

In[! ]:= Plot[Piecewise[{{t Sin[2 t] / 4, t ≤ 2 Pi}, {Pi Sin[2 t] / 2, t > 2 Pi}}],
{t, 2 Pi - 0.2, 2 Pi + 0.2}]

Out[! ]=
6.1 6.2 6.3 6.4
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Probtems Logan p .
158 ¥2

(a) Solve ×'=x ◦ ≤t≤ I

211=12-2 1st
with XH=/

For ◦ ≤tsl that is easy ,
it is xH1=e.t

The initial condition for the t≥/ problem
is ✗(1) = e.
The problem X'-✗ = -2 can be

solved with an integrating factor .
( e-
ᵗ
× )% _ zét

So
e-

+
✗= -zfe-tdt-ze-l.to

Or ✗ =Ztcet

Use ✗like to get e-Ztce or c=¥
So ✗ It)=eᵗ ◦ ≤ t≤ I

= '-2

✗ It )=2teᵗ-2eᵗ -1 1st

=Zteᵗ( I -2 /e)



Plot of Solution to Logan p. 158 #12 (a)

In[! ]:= Plot[Piecewise[{{Exp[t], t ≤ 1}, {2 + Exp[t] (1 - 2 / E), t > 1}}], {t, 0, 2}]

Out[! ]=

0.5 1.0 1.5 2.0
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Probtems (CONT 'D)

(b) Solve ✗
'=x+fH) ✗4)=/

flt)= -2 HIT - 1)
using Laplace transforms

✗

SEKI -X= ¥1s)tF(s )
# Is)=¥¥
Fls ) = -zjj HH - 1) e-stat = -ze÷
So
#(s) = _ZesI

The ¥ term is easy .
Li'7(t)=eᵗ

what do we do with
e- Sls / s- l ? way

Partial fractions ?

sÉ=É -É 2-
' [e-sg.by/t1 ←¥¥¥"

%

= HH-YL-IGKDH.it
with gls/ =# we get eᵗ

"
with gest }- wegetl

So
,
to summarize , our answer is

xltt-et-z.it/t-i)-Let---i]it ur ✓

Obviously this agrees with the patching method for 0≤t≤1.
Let's compare, trims for 1st (where 1-111--11--1) :

✗ It )=zteᵗ_ÉÉᵗ -1 /≤ t



Problem6-loganp.EE # 13

9
"

+ q={ᵗ ⇔≤ a
q et

with qbt-ahdqy.jo
0

504s) -sqÑQls ) = Fcs )

where flt)= t - It - 9) HIT-91
So F /5) = ¥- e- 9s }-z
so 061--1+1*3=11 - e-%)
partial fractions =¥ - ¥5s
Qb )=⇐ -⇒ 4- e-%)
qlt-t-sint-HH-al-L.t-a-sinlt.at]



Plot of Solution to Logan p. 158 #13

In[2]:= Plot[
Piecewise[{{t - Sin[t], t ≤ 9}, {t - Sin[t] - (t - 9) + Sin[t - 9], t > 9}}], {t, 0, 20}]

Out[2]=
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