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Problem1_ Logan p . 207
#I

(a) Find the eigenvalues and eigenvectors of # ¥.
Set

def 12-7 -1

- 4 z-2,1--0
(2-7) 2-4=-0 2--21=2

e.g. 7+-4, I _
=0

For 7+ :
2- t - l

1- + a- +11×5+1--1:)
or

(-12 + I

+ + +41%1=1:)
or

2×+1-9+-0
If X+=t/ then y+= -2 .

For 7- :

1%-41%-1--1 :)
Or ZX

_

-

g- -0

If ✗→ 1-1 then g-=3 .



tn(CONT 'D )

(b) Same thing for (I 1)
Set

det( '-7
I

4 1-11--0
(1-712-4--0 2--11=2

e.g. It
=3

,
A- = -1

For Rt :

(
'→ Is)ly%H:)4

There . /arities"

(-7 417,1-+1--18) aresi
"

or

-2×+4=0 worthcontemplating
If ✗+=/ then y+=2 . between

parts
Iceland /

%
For 7- :

11-1-11 I

+ 1-1-111%1=1:)
*
example ,
#

spacing
between

◦-1-+111%1--1:| *
and "
wast
"

both
parts .

Or
2x- tf- = 0
If ✗_=/ then g-=-2 .
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#2

lats.'re 1%1=(-5-5)%1
Assume (g)=P;)e"ᵗ
Eigenvalue equation is then

det /-1-2
i

→→ 11%1=1:|
Or
fi - 7) (-3-7)=0

So
2
,
= -1

,
12=-3

_

For 71 :
- i - fi ) '

( ◦ → -t.dk?:t-l:)
" l : -41%1--1:|
Or yo , -_ 0 and ✗

◦,
can be

anything , so we'll choose Xo ,= /

For 72: (-1-1-3) I

°
- 3-1-31 )/

✗◦2)=/9)You
•

1 : :H¥H:|
°"

2%21-402--0 . If we
choose 102=1

,

then yoz= -2 .

Let us summarize :(¥)=c,/d) e- ᵗ+czé3ᵗ .



Problem's (cont 'D )

(b) Solve 1%1=(30-+14)
Assume (g)=P;)e"ᵗ
Eigenvalue equation is then

deep-7
◦ 11%1=1:)

3 - t -✗
Or 4- 7)(-1--1)--0
So 21=1 and 72=-4 .

For 1 , :

15%14%1=1:)
°'

3×0 ,-5%1--0
If Xo , =L then Yo , __ ¥ .

For Zz :

1: :/1%1=1:|
◦ r 5×02=0 .

So X◦z=0 and we can

choose yoz
to be anything so we'll

choose Yoz= / •

Let us summarize:( )=c,feᵗ+ez/?)éᵗ .t
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Just find the general solution :
☒ phase diagram on

/¥,)=( ', I/ next assignment
Eigenvalue equation is
1-7 -1

det / , zz / = (1-71121)+1=0
or 12-3×+3=0 7¥ 3±¥-1_
For 7+ : = {±T.iq- { -5¥ → ,

i e-¥115:/=L:L
"

l÷÷Ér÷l¥+H:|
Multiply the bottom equation
/• Not 1-¥-0¥) - yo + = 0

by - £ - E- i. It becomes

f- E- 0¥ ) .hn/-fE-iEri-EoFi-I-)y.i-o.
=

So that is indeed the top equation . Choose

✗
☐F- 1 . By the top equation g.☐+ = -£ - Ei



Problems (cont /D)
We have found one solution

1 It.EE#tiEH--fgrEfeHfosEttisiiEt)
We could grind out another solution but starting
with 1

.

/which is 7*+1 , but because we started
with a differential equation with realcoefficients, on

general grounds we know that a second solution is
the complex conjugate of this solution

. E.g.,

f¥Eie¥(cos Eat - isinEt)
the sum of these two solutions dividedby 2 is

f-
Et

)Eᵗ-↳Ét+%sin%t
The difference divided by Zi is

(
sin Et
- Eas Et-Esine±t

The mostgeneral real solution is any
real linear combination of these
two solutions.



Problemt-p.us#I
(a) Eigenvalue equation is :

def[
3 - t ,

° - 3-1) = (-3-1)<=0
Double root with 7=-3

.

If we use

✗◦

(y.)é3ᵗ as a solution
,
we musthave

⇐ g.)=\ ? / •

The upper equation
tells us yo=0 .

The lower equation tells
us nothing .So one solution is

1! / e- 3ᵗ

The second solution is of the form
Not rot

↳ c- wot / e-
3T

By subtracting ✗◦ times the firstsolution
we an simplify this toVot

(rot wot )e→ᵗ (where ro-y.io



Pobtemtfcontliol Vot
We need see what putting (% , w. f) e-

3£

into

✗ Vote
◦ → 14¥:*)é*not wot )e→ )t

/

= (-3
/

tells us about ro
,
ro
,
and Wo

when the derivative on the left-handside
hits the e-

3ᵗ
,
that gives us

rot 1-3) e-
3£

which exactly cancels out the diagonal elements
on the right-hand side. So we are

left with

%.IE#--l:Hlr!!w.teH
The lower equation tells us Wo=0 .
The upper equation is then just

✓
◦
= no

we can choose V0 __ro=/ • So our

other solution is /I/e-3t and thegeneral
solution is

(F)= c. (f)e-"+ g. (f) e-
3-1



PITONtb )

(b) Eigenvalue equation is :
det / 1-2

- ,

I 3-2) = (1- 7) (3-2)+1=0
72-471-4--0 or (7-2)=-0 or 2=2 .
So although it was not obvious looking
at the original matrix, this is another
double- root situation and one solution is

¥)éᵗ with -11%1--0
So if we choose 40--1

,
then go=-1 .

The other solution is of the form
rotw◦f)éᵗ when the derivative on

the left-hand side of the

original equation hits ezt
we get • • -

rot
2 (↳ +w◦t)e2ᵗ when the derivative hits

the t in Vot or Wot
,

we get . . -

µw
. )e2ᵗ In total (after cancelling thee

"

everywhere )
we have

• . .

z /www.t/+Yw:/-- (
' - 1)(

rot

1 3 rotwot)



Probk.vn# (cont 'D) By the way ,
the lower equationteKusThe upper equation is same thing .

*ttvo-X.ro - wot
from this

,
we learn ✓

◦
= - Wo and Vo= - ro

so if we choose ✓☐
=/
,
then WE-1 and ro= -1.

Let us summarize . The mostgeneral
solution is

c. (4)e¥q(ᵗ-1- f)ett


