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1- proof: I
,
= / 0h14am ) E- 1¥41,)

I
, and Ñz are independent .
Let #(f)= / 0411-1

HAI
KAI KAI)

be a fundamental matrix .
Compute ¥4T) :

*
'Hl=(%%¥, 4*1%1=141*+4*-44%41-2104+1-2242 Azz¥Azz§

Compute
A-71+1=41;¥:)/% ¥|=fʰ$+Aih AikttikAzi$HAzz¢z AziftAzzÑ
These are the same . E.g.,#=A#.

Also
,
the general solution is of course
1%1=9%+5×2--9 1%1+4%1=4%1%2%1

But consider

*E- 1¥ #1%1=49+4
a

424+14g)
These are also the same . E.g.,

#É=cÑHCz% .



Throbbing Logan p .

245 #3

solve 1%1=1 ? -11%1+111
E- (¥¥d=( "t - t

tt.de#---1=f/-tt-Zt(how convenient

- t Ht ) @ that Logan made
the determinant
be 1

The general solution is

IH )= # It # f) F-"G) Fls)ds
=*ItIᵗ( '→ 5) e-

"

(1) ds- s Its

=# It got C-stzs
-stz/ Hs)) e-

Zsols

= #It# [ (¥+3 / e-"ds-letr-zsds-n.EC/r=F-I+oI=SE4EIE)e-rdr



proble.me#(coNT'D)
We got as far as :
Elt ) = #It-1*5%(1++2) e- rdrZttzr

We have to determine É from the initial
conditions and we have to do the integral.
*6) = ( to 9) ← how convenient again !

So we can just read off that I=(y×/.
To do the integral, we need

Zt

So e-
" dr =- e

- r /
Zt

o

= 1- e-
2£

and rérdr = -¥, site
-"dnt - ⇐4-e-"4)I

2--1
A-I

=# / 1-e-
"t) + 2- fate-4+11*1--1- e-Ézté2ᵗ

So 21-11-12

EH)=oI / +£# (
F- e-"+{ lie-

"
-zte

-
"

y211-e-
"

) + { ( 1-e-2ᵗ -zte-2£ /

All these £ 's ane error prone . Let us rewrite :

Elt) = ¥# (
ItE-ZE-2-li-i-e-zt-zte-zt8-i-I-te-zti-T-e-zt-zte-z.tl

=¥# ( 7- 3.
e-
Zt
_zte

-2-2

13- se
-Zt

_ zte
-2£)

Now let's put in

#= ( Ht
-t / e
"

and bring it home .
t l-t



Throbbing (CONT /D)

t 1-f) (
>e
"
-3 -2£)E. It)=¥(

'+t - ᵗ

izezt- 5-zt

1 ( Itt)(7e2ᵗ-3-2-1 ) - t / 1322+-5-21-1)=

4- ( tf > e2ᵗ -3 -2T) + ( l -t)(13eZᵗ-5-21-1
21--6 test-5-51--2*+5-4#-)=¥(ÉeZt- Gtezt -#2*-5-+3-4242

=# ( (
7-6t)eZt
( 13 -Gt)eZt_¥) ←

" ◦w
,
ou- lives were

made easy because
the

t and 1-2 terms cancelledout.

That was a fair amount of algebra . We better double-check.
First check initial conditions :

7-3514--4-(13-5)=1-+1%1--144
Then take derivative :

¥ '=¥( 17-61-1 zest -
Gezt

( 13 -6T)2e2ᵗ_Gezt ) ZeZ±3fe2t
⇒ (11+-6) eat

_ lztezt
(26 -6)est - iztezt ) =(5e2ᵗ→te2t)

Is this the same as

¥,

_

He
-He
"
-3 ) + ( ??

( 13-6T)eZᵗ-5
Then the e

"
term. It is :

First the teZᵗ term .
It is :

:-<t.EE/te2t--l--3-E:Ei-)wH%E1e%Eee%14FingYthe constants are supposed to add
up to zero :

¥1: -111%-1+11--4=5%1+14--4:/+14=1--4+14--1:/



problem3-loganp.tt6*8

(a) As notedabove, thispart isso straightforward,
there is nothing much to write down

except the answer,
but see my solution to

the bonus problem .

¥. / = f- "→ 41J)
7

- rz

(b) The critical point is where ×'=yEo
⇒ C- r, -5) X - rzy = O and R, X- rzy=0 .

Add these two equations and you get - rzX=o .
So 21--0

.
Put that into the secondequation and

youget 9=0 . I am assuming that
all of

7) rz , and rz
are non-zero .



Problem3-C.com'D)
(c) The X- nulkline is where

- rix-3×1-24=0 or y=TT ✗ •
The y-nukline.is where
tix - rzY=0 or y=¥zX

To do the sketches
,
we'll use

7=3
rz= /

3=0.5
Then r1F= 3.5
and

¥2 -3
x-nulkline

99 =
↳

NB :

we
are

only
7- My-nordine

interested
in

6 - .

✗30

5- and

y≥o4-

3-
: (negative

2-
concentrations
make

1- no sense)
1111 '

✗→I 23



%blem3_ (contb)
(d) The region between the nut

/dines
is the narrow wedge defined by

< y < 7r ×
←
true

everywhereused
In this region ✗

'
= - rix - rzxtrzy✓ ×>¥r?

a-I¥¥→ytrzy=o
Also in this region y ,=r,×¥y

true everywhere
←
used+< %?

sHÉy -ray -0
So we have shown that ✗ to andy to in the wedge .
That isn't quite enough . Couldn't it escape
the wedge while stillgoing down and to
the left like this ? or this ?

K HE
↑☒ No

,
because

it would haveto No
,
because

be going straight down itwould have
to begoingat thepoint it crossed the straight left at thepoint

4- nulldine if hit the y-nuke
line



Probtemts (cont )D)
(e) Analyticalapproach

f- f- "→ 41J)
7

- rz

def[
r
' -3-7 ~/= Hrt rzrzt (Ttrztr} )7tÑ
7 - rz-7 ⇒2--0

It (ritrztrz) 7+31--0

25ÉÑr3
>Zrzr[

There are three possibilities ritrztrz-zrzrz-zrz.hr
If the first

,
we have two different

negative eigenvalues .
IFF second

,
we have two equal negative eigenvalues.

If the third, we
have two complex conjugate eigenvalues,

but the important thing is that the
realpart is negative .

In all three cases , both solutions go as
éᵗ

where ✗ is one or two positive numbers.

So all solutions are
driven toward the origin

for target.



Proteins (CONT 'D)
(f) Do a phase plane diagram and
sketch the trajectory with ✗101--110=2

y/01=40--0

-

So our arguments that between the nuke/ines ,
the concentrations stay between them and
are driven towards zero is confirmed.



tToblem3_ (contb)
Now we willstudy the trajectory
that begins with X/◦1=2 , y/01--0 .

I
have

inked

relevant%Fe.toryf.vn
(2.0,0)

down
to

about
G.5,

1.25)

⇔Éʰ€&
qq.znkqg.g.gg

-

-

havecontinued,tin

µ¥⇐
Here
±

inti) about
from
10.5,

1.25)

down
to

• (01-0)

quickly equalize to an approximately
constant÷:÷÷÷i÷:÷÷÷÷÷.

Ñofr
} slowly removes the drug from the

blood , but the ratio remains approximately constant.



BonusProblem_
Let's redo part (a) in particular of
the previous problem, but allowing for
the fact that the volume of the
tissues is far larger than the volume
of the blood.

So
,
let × be concentration in blood

,

y
be " " tissue

,

Vb = Volume of blood

Vt =
" " tissue

ri-bi.it. - tissue rate }%¥÷!these willbe

rz - tissue - to - blood rate

rz= excretion from liver rate a chant
ii.¥:#ration

(xVÑ= -r.HR/-r-VbY-rsVbXlyVtY--riVbX-rzVby
Divide thefirst equation through by Vb. Get
same equation as in Problem 3

.

X'= - rixtrzy - rzx

Divide the second equation through by Vb. Get

y'= ×-Ey where r=¥≈15



Bonusprobtem (cont 's)
he /

- r
,
- V3 V2

1%1=4.ir -ray;)
""

↳ = 0.5

✓=/5

No/Kline locations are unchanged!

I ! inked
ask
rogatory -6h

beginning
Yoko .

+1.1=2
'T

[ÉB--ᵗ---

Interpretation : Same as before, but now as
the blood and tissue equalize (with a ratio
that is still controlled by r,/2) weget a
much less pronounced rise in the tissue
concentration

, simply because there is so much more
tissue than blood.


