
Problem set 6 Solution
--

This problem set is a grand synthesis . Beforegrindingit out
,
let us contemplate what we are doing .B

wha-ti-trigonometry-2.ttIn its modern form, it
is a bunch of statements
about right triangles . A.→
There are five quantities .
The statements are enumerable

.
The upshotis thatgiven

any
two
, you can usu# get the other three .

Let us enumerate:
i. I b tan A = a ii. 1 a = a sin A

ii. 2 900- A=B}
these are

i. 2 A- 1-13=900 trivialrearrangements
i. 3 a tan B=b ii.3 900-13=-1

of i.z

i. 4 c cos A = b ii. 4 b= a sin B
i. 5 c cos B = a ii.5 cz = a. 2+62

How do we use them? First getting sides :
To get From Use To get From Use

a band c ii. 5 b a and e ii. 5

a A and b i. I b A and a i. 1

a Band b i. 3 b B and a i. 3

a A and C ii. I b A and C i.4
a B and C i. 5 b B and C ii. 4

a A and B not possible b A andB notpossible
-

_q 7

To get From Use

a aandb ii.5 Note that ifyou
c A and b i. 4 only have two
c Band b ii. t angles, you can
c A and a ii. I never get a side .
c Band a i.5 On the sphere we/
C A and B nnotpossible will be able to

.



Now getting angles :
To get From Use To get From Use

A a andb i. I B a andb i. 3

A a and c ii. I B a and c i.5

A band c i.4 B b and c ii. 4

A a and B ii.2 /on i. Zor ii. 3) B
a and A ii.2 /on i. Zor ii. 3)

A band B ii.3 ( or i. Zor ii.2¥
✗
B b and A ii.3 ( or i. zor ii. 2)

A C and B i. 2 /or ii.Zor v31,-
"

B C and A i. 2 (or ii.Zor ii.3)
T

Note that ifyou have
B you can get A or if

you
have A you can get B

without needing a side
.

On the sphere you will
need a side!

This concludes "what is Trigonometry ? " onwards
to the grand synthesis of Problem Set 6.

Ka ) Use the Menelaus Theorems to get Four
Distinct Relationships among a,b,gd,ef,g
in figure 3.8 on p .

50
.

From the bottom of
p .

49
,
we

have
a

D:
s

=singe
e

sin b sin h
b

h
9

sin (atb)C : - =sin(gsniffsin a sing sinletf)
d

MD :.si#-sis?.ncagbl- sinesin d sinf

me :s÷Y=÷¥¥¥+n,Abbreviation D= "Disjunction " Hence
c-

" conjunction " mD= "mirroredDisjunction
"

M= "Mirrored
" MC = "Mirroredconjunction

"



I/b) Simplify the Four Expressions Assuming
atb --900 c. +D= 900 e+f= 90° gth=qo°
In other words there are only four independentvariables now

,
which we will take to

be b
,
c
,
e
,
andh← can

you already
see why I

The first drastic have taken

simplification is that
these four >

sin/atb)= sin 900=1 sin letf) = sin 900--1
sin /ctd)= sin 900=1 sin (gth)= sin 900=1
Let's use those • • •

D: sina_=¥%#
sin b

C : s¥=s¥ sinf

MD :

s.si?nq-=sing-sinesinfMc:sin---sin-esinh
Now we use the assumptions again, but this
time to get rid of a,d

,
-1
,
and g. • •

9=900- b so sin a = sin (900- b) = costs
D= 90°- e so since = sin (90°-d) = cos c
f-= 900-e sos.in/---sin(9O0-e)--coseg--900-hsosing--sin(90-h)--cosL
Put all that in to D

,
C
,
MD
,
andDC

. . .



Nextuse%¥s=¥s
D: ¥÷=¥ ← and %÷=¥a

and useC :¥ =¥ cos e

MD : =⇐s%⇐←:÷=tancand %¥=tane
Note : I could

MC : sin =¥e sin he have used

¥÷=cotb
but I am notSo now we have
a fan of havingboth cot and
tan kicking around.D: = Etah

c :# =¥ cos e

MD : tan c = sin b tan e

MC : = sine sin h
Get stuff out of denominators. . .
D: tanh cos c = tan b

C : cos h = cos b cose

MD : tan c sin b = tan e

me : sin e = sine sin h



Ishould explain why Igot ridof a,d,f, andg.
Redraw the Menelaus figure on the secondpage

:

9.00-b I have done three things
in the re-drawing :

C (1) I have noticed an
↳F- important right angleb

h
98- h (a) ± hare noticed that

the angle in they
90!
e lower left is the
90- e same as the arc

# in the upper night
(3) Ihave gotten rid of

a
,
d
,
-1
,
and
g.

Now we see why this is valuable!

Although we startedwith a Menelaus

gram,
all four of

our identities are statements
about just the right trianglei
in the lower left ofthe

original, much more complex,figure.
Let us re -list them so that everything
important about problem 1 is here

on just the tower
.
. half of this page :

tanh cos c = tan b

cos h = cos b cos e

tan c Sin b = tan e

sin e = sin c sin h



2.
•
Rewrite what was Learned in
Problem I with modern

right- triangle naming conventions.

¥7Our mapping is
b→b
e →a

h → e

e →A
so

•

tanh coset tan b tana cos A = tan b
cos h = cos b cos e cos c = cosb cos a

tan c sin b = tan e → tan A sin b = tan a

sin e = sin c sin h sin a = sin A sin c

could we not have alternativelymade this
mappi

→

a

In which case our mapping is
b→ a
e→ b

"" "⇐÷
;÷÷÷÷÷¥÷÷÷

"

h → c

c → BSo
.

tanh coset tan b seed
cos h = cos b cos e cos c = cos a cos b

tan a sin b = tan e → tan B sima = tan b

sin e = sin c sin h sin b = sin B sin c



It is amazing (perhaps even disturbing) how muchwe have gotten by mirroring
results

.

We have doubled and doubled and doubled
the original Menelaus theorem and our

1 result became 8 with only one being a

duplicate . Let us re - list the 7 results
so that everything important from Problem 2

is here on this page , and also number

our results so that we can succintly refer to them . • •
-

tana cos A- = tan b (1)
a cos c = costs cos a lil

tan A sin b = tan a 13)
since = sin A sin c l 4)
tan e costs = tana (5)
tan B Sina = tan b (6)
sin b = sin B since (7)



3. Compare the 7 Identities Found
in Problem 2 with the 10
Identities Van Brummelenlists onp.tl
First I will list those

.
I don't like having

both cotangents and tangents kicking around soI will take the recopying as an

occasion to get rid of all the cotangents. . •
sin b tan A= tana (I.1) since = sine sin A ⇐a)
cos c tan A tan 13=1 (I.2) cos A = cos a sin B III.2)
sin a tan B = tan b (IB ) cos B = cos b sin A (1%3)
tan c cos A = tan b (Iit) sin b = sine sin B (I.4)
tan c cos B = tan a (-1%5) cos c = cos a cos b (II.5)
what equivalences are there ?
II. 1) is 13) (II. 1) is (4)
II. 2) ? (II. 2) ?

II. 3) is (6) (II. 3) ?
⇐• 4) is (1) (II.4) is (7)
II. 5) is (5) (¥5 is (2)
But we are not done ! We can use
combinations of our 7 to get the remaining 3 .
you can get II.2) from 14,131,and/6).
you can get (-1%2) from 41,14, andG).
And you can get #3) from 141,151,
and (2) . This is just algebra, but for
completeness I will do it on the next page .



Getting ⇐ 2) from 14,13), and (6) .

cos c = costs cos a (z )

tan A sin b = tana /3) ⇒ tanA=¥n÷
tan B sima = tan b (6)⇒ tan B=¥n¥
Take the product cos a tan A tan B and substitute
in what we have above . . .

cos a tan Atan B = costs costa =/

This is I. 2

Getting 2) from 41,14, andG)
tana cos A- = tan b (1) ⇒ cosA=¥I÷
cos c = costs cos a (2)
sin b = sin B sin c (7)⇒ sin

.B=n{-
so

,

i =¥÷÷÷
cos 1-= sin B %÷ = cos a sin B

This is II. 2

Getting# 3) from (4), 121, and (5) • • •
cos c = costs cos a (z )

1

sin a = sin A sin a / 4)
tan c cos B =

"

tana (5)⇒ cos B. = tana
tane

so
,

cos c

costs = tana = %?÷ cost = sin A- coststane

This is I. 3



E-pilog.whatisspheri.ca/Trigonometry?-
In its modern form

,
itis a bunch of statements

about right triangles on the sphere .

There are fire quantities .
The statements about these quantities are enumerable.
The upshot is that given any

two
, you can alw→

get the other three .
Let us compare the enumerable statements . . .
Planar trigonometry-
b tan A = a ( i. 1) a = a sin A ( ii. 1)
At B = 90° ( j . 2) 90°- A= B these are

( ii. zy
900-13=-1} trivialrearrangements(ii.3)a tan B = b ( i.3) of ii.2)

c cos A = b ( i. 4) b = a sin B ( ii. 4) WYn.tw
c cos B = a ( i. 5) CZ = aZtbZ ( i • 5) i gon?µµpeµp

The and, equation
>lated .

spheri-e-rigonometry-mi.%de.is :d¥÷¥¥÷¥;¥¥É¥÷÷÷:*
" ""

or theare

sin b tan A- tana (t.itsina-sines.no#.yg;;Y.YIY;!:IitcosctanAtanB--
I II.2) cos A = cos a sin B#2) pummel

"Ñ •

cos B = cos b sin A⇐ 3) onp-HE.tk
" '

sin a tan B = tan b (IB) sed.ir the
"

tan c cos A = tan b (Iit) sin b = sine sin B ⇐4) "Apply"Spirit
"

tan c cos B = tan a (-1%5) cos c = cos a cos b (I.5) loud
"]

One more good exercise, left to you, is to
make tables of how we use the spherical trigonometry
equations to get any quantity from any two of the others.
As an example : To get From Use

a band c II.5

29 table rows to
go!


