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CHAPTER 6 STATISTICS

CURVE FITTING—LINEAR REGRESSION

When investigating the relationship between two variables in the real world, it
is-a reasonable first step to make experimental observations of the system to
gather paired values of the variables, (x, y). The investigator might then ask
the question: What mathematical formula best describes the relationship
between the variables x and y? His first guess will often be that the relation-
ship is linear, i.e., that the form of the equationisy =a; x +ao, where a; and
ao are constants. The purpose of this program is to find the constants a; and
ao, which give the closest agreement between the experimental data and the
equation y = a;x + ao. The technique used is linear regression by the method
of least squares.

The user must input the paired values of data he has gathered, (x;, yj),
i=1, .., n. When all data pairs have been input, the regression constants a,
and a, may be calculated. A third value may also be found, the coefficient of
determination, r?. The value of r? will lie between O and 1 and will indicate
how closely the equation fits the experimental data: the closer r? is to 1, the
better the fit.

Equations:
y=a;xtap

All summations below are performed fori=1, ..., n.

Regression constants:
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22X Z
y— y

d;

EX2 _ (Zx)z

a9 =y —a; X

where ?=E
n

__2X
x:—

n

Coefficient of determination:

[Exz _ (zx)z] [zw _ (zy)j
n n

The values for a, and a, are stored in Ry, and R, respectively. After the

. 2 . A .
calculation of ag, a;, and r*, the estimated y-value, y, corresponding to any
x-value may be calculated by y =a; x + ao.

Note:

Programming Remarks:

The intermediate value C = Zxy - (ZxZy/n) is first calculated at line 14 but
is also needed near the end of the program to find r?. Since all registers R,
through R, are in use, the only place to save this value is in the stack. Hence
C is preserved in one or more of the stack registers from lines 14 through 36,
when it is used. It is due to the presence of C in the stack that users are
warned not to disturb the contents of the stack after calculation of a, and a;
(see step 4 of User Instructions).
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UN:'SP;::E EnEY X Y b 4 T COMMENTS REGISTERS
00 \ Yy ix B L Steps 1-7 for summation R o2
o1 31 |t y y x

02 1502 | gx* y? y x

03 (235102 [STO+2 [y? y x zy? e g
04 22 | Ry y x oyt |

05 21 | x2y x y o y? I I

06 25 | =+ n y y? n, Zy, Exy, Ex*, Ex R Ty?
o7 1300 | GTO00 |n Ay v B 2

08 2405 |RCLS [Zxy | | e

09 2407 |RCL7 Zx | Txy ) | R RSJ, S
10 2404 |RCL4 Sy Zx Zxy

1 . 61 | x | ZxZy xy o

12 2403 |[RCL3 |n - Ix Zy Zxy Ry Zy
13 71 |+ Zx Zy/n Zxy

14 41 | - C C=2Zxy - (Zx Zy/n)

15 2406 |RCL6 | Ex? lc 1 1 R g IV
16 2407 | RCL7 Tx =x? c

17 1502 | gx* (Zx)? =x? c ) ) N

18 2403 | RCL 3 n (Zx)? Ex? c Rg Zx?
19 AN (Zx)*/n | Ex? c c N . ]

20 41 | - D c c c D=32x* - [(Zx)*/n]

21 Ny la|C C C a; = C/D R7 Ix
22 2301 [STO 1 a c c C ;i B ]

23 2407 [RCL7 | Zx a c c

24 61 | x a; Zx C C Cc N S

25 32 | CHS -a; Zx C C C

26 2404 | RCL4 Zy -a; Zx [ Cc

27 51+ Zy-ay2x |C JC |C | - B

28 2403 [RCL3  |n [ Zy-a 3x |C c | ]

29 7|+ ao c lc c a =y -a, X ]

30 2300 [ STOO a0 c C C

31 74 | R/S ag C [ _|c Halt to display ag ]

32 2401 |RCL1 |4 ao c c ]

33 74 | R/S a a9 C C | Halt to display a, N

34 21 | x2y ‘3 a B C B C o

35 22 | R EN C c - ao - ]

36 61 |x aC B S T " T S— —

37 2402 | RCL2 Ty? a, C c ag |

38 | 2404 [RCL4 |Zy zy? aC c | ]

39 1502 [gx? (Zy)? zy? a C c -

40 2403 |RCL 3 n (Zy)? Zy? a C

41 7|+ (Zy)?/n v a, C JacC B

42 a - |E a C a C a C ) y? - ((Zy)P/m)

43 AN R L a C a C JaC r* =a, C/E N

44 1300 |GTOO00 |r* a C a, C laaC |

45

46

47 -

48

49
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STEP INSTRUCTIONS DATAONITS KEYS oﬂms
1 Key in program [ ” ” ]l l
2 | initialize I || REG || f PRGM N ]
3 |Performfori=1,..,n: I[ || |
| Input x-value and y-value « [+ [ 1 Il ] ]
- | 7y; A[ R/S || H || |P‘ P
4 | Compute regression constants [ero |[ o8 |[ ms |[ | 2"
N - - Les ] I e
5 Compute coefficient of deter- r I ﬁ J[ “ J
 fmineton | [as ]l | |
6 |Tocacumeaproiceayaie, | L L L1 |
irnpiut the x-value B B _7 Vx—-___[ RCL ]r 1 ” X Jl RCL J :‘ ~_
N o N | Il || A
7 | Perform step 6 as many times as ( 1 | ] ]
R | | I
8 For a new case, go to step 2. I I[ ” “ ]
B ]
* The contents of the stack I ]r “ “ I
should not be disturbed at these | " JI “ ]
points. I I [ | |
Example:

An eccentric professor of numerical analysis wakes up one morning and feels
feverish. A search through his medicine cabinet reveals one oral thermometer
which, unfortunately, is in degrees centigrade, a scale he is not familiar with.
As he stares disconsolately out his window, he spies the outdoor thermometer
affixed to the windowframe. This thermometer, however, will not fit com-
fortably into his mouth. Still, with some ingenuity....

The professor suspects that the relationship is F = a; C + ao. If he can get a
few data pairs for F and C, he can run a linear regression program to find a,
and ao, then convert any reading in °C to °F through the equation. So tossing
both thermometers into a sink of lukewarm water, he reads the following
pairs of temperatures as the water cools:

C 40.5

38.6

37.9

36.2

35.

1

34.6

F 104.5

102

100

97.5

95.

5

94

If the relationship is indeed F = a; C + a,, what are the values for a; and a,?
What is the coefficient of determination?
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Solution:

[7] [Pram ] [1] [REG] 40.5 [+]104.5
38.6 [#] 102
37.9 [*] 100
36.2 [4]97.5
35.1 [#] 95.5
34.6 [+] 94
&8 (o] (] [r5]

R/S

V#vvvvvvv

R/S

1.00
2.00
3.00
4.00
5.00
6.00
33.53
1.76
0.99

Thus, by the data above, F = 1.76 C + 33.53, with r?> = 0.99. (The real equa-

tion, of course, is F = 1.8C +32.)

Suppose the professor puts the centigrade thermometer in his mouth and

finds he has a temperature of 37°C. Should he be worried?

37 8 (7] [x] M [o] [+] » 98.65°F

It looks like he is safe.
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EXPONENTIAL CURVE FIT

This program computes the least squares fit of n pairs of data points {(xi, Yi)s
i=1,2, .., n}, where y; > 0, for an exponential function of the form

y=ae®* (a>0).
The equation is linearized into
Iny=1Ina+ bx.

The following statistics are computed:

1. Coefficients a, b

1
ZxjIny; - — (Zx)(Z Iny;)
b= n

EXiz - '1— (EXi)z
n

[E In Yi in}
a=exp -b
n n

2. Coefficient of determination

2

[in Iny; - 1 ZX; Z In y]
5 n

]" —
)2 Snv:)?
{Zxﬁ L (Zx) J {E iy K ny.)]
n n

3. Estimated value ¥ for a given x

N
y=aeb*

Note:

n is a positive integer and n # 1.
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DISPLAY DISPLAY
LINE | CODE E:ITE;Y LINE | CODE E:lTE;Y REGISTERS
00 \\\ \\ \\\\\ 25 61 |x Ry a
o1 1407 | fLN 26 32 |CHS R, b
02 31 |1t 27 2404 |RCL4 R, ¥ (Iny)?
03 1502 | g x* 28 51 |+ R3n
04 | 235102 | STO+2 29 2403 |RCL 3 Ry Ziny
05 22 | R 30 71 |+ Rs ZxIny
06 21 | x2y 31 1507 |geX Re Tx?
o7 25 | =+ 32 2300 |STOO R, Zx
08 1300 | GTO 00 33 74 |R/S
09 2405 | RCL5 34 2401 |RCL1
10 24 07 | RCL 7 35 74 |R/S
11 2404 | RCL 4 36 21 [ x2y
12 61 | x 37 22 |R!
13 2403 | RCL 3 38 61 |x
14 71 | + 39 2402 |RCL 2
15 41 | - 40 2404 |RCL4
16 2406 | RCL 6 41 1502 |gx*
17 2407 | RCL7 42 2403 [RCL3
18 1502 | g x* 43 71 |+
19 2403 | RCL3 44 41 | -
20 71 | + 45 71 |+
21 41 | - 46 1300 |GTO 00
22 71 | = a7
23 2301 | STO1 48
24 2407 | RCL7 49
STEP INSTRUCTIONS DATAONITS KEYS T s
T [Kev in progam | B | A
; Initialize | f ' REG i | f PRGM
3 Perform fori=1,..., n: | ”
Input x-value and y-value X; [ 1 I { l [ I l I
W CesdCCJC 1|
4 | Compute constants I GTO H 09 “ R/S ” —I a*
R (s L LI 1|
5 Compute coefficient of deter- I I [ I [ ” _]
mination L R/S ” ” “ I 2
6 'To calculate ¥, input x X [ RCL ]L 1 J L X “ g ]
,, | | |
7 Perform step 6 as many times I “ I[ ” I
[ C_ 1]
8 For new case, go to step 2. I I[ ” ] I ]
o 1
* The stack must be maintained [ —“ ” ]L ]
at these points. l “ ” ” j
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Example:
Xj 72 1.31 1.95 2.58 3.14
yi | 2.16 1.61 1.16 85 0.5
Solution:

a=345,b=-0.58

y =345 e 058X

2 =098

For x = 1.5,§= 1.44
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LOGARITHMIC CURVE FIT

This program fits a logarithmic curve
y=at+blnx
to a set of data points
{ (xi,vi)i=1,2, .., n}

where x; > 0.

Program computes:

1. Regression coefficients

Eyilnxi—iElnxiZyi
b= n

T (Inx;)? - —[11— (Z In x;)*

a=i(2yi—b21nxi)
n

2.  Coefficient of determination

2

[Eyilnxi—izlnxizyi]
n

2 =

[Bansg - L @mr| [ - L]

3. Estimated value y for given x
y=a+blnx

Note:

n is a positive integer and n # 1.

95
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DISPLAY DISPLAY
LINE | CODE E:‘(%Y LINE | CODE E:TE;Y REGISTERS
oo [N | 28 61 |x Roa
o1 31 |1 26 32 |CHS R;b
02 1502 | g x* 27 2404 |RCL 4 R, Zv2
03 | 235102 | STO+2 28 51 |+ R3n
04 22 | RY 29 2403 |RCL3 R4 Zy
05 21 | x2y 30 71 |+ Rs ZyInx
06 1407 | fLN 31 2300 [STOO Rg ZIn x
o7 25 | =+ 32 74 |R/S R; 2 (Inx)?
08 1300 | GTO 00 33 2401 |RCL1
09 2405 | RCL 5 34 74 |R/S
10 2407 | RCL7 35 21 | x2y
1 2404 | RCL4 36 22 |R{
12 61 | x 37 61 |x
13 2403 | RCL 3 38 2402 |RCL2
14 71 |+ 39 2404 |RCL4
15 41 | - 40 1502 |gx?
16 2406 | RCL6 41 2403 |RCL3
17 2407 | RCL7 42 AN
18 1502 | 9%* 43 41 |-
19 2403 | RCL3 44 71 |+
20 71 |+ 45 1300 |GTO 00
21 a1 | - 46
22 71 |+ a7
23 2301 | STO 1 48
24 2407 | RCL7 49
IsTEP INSTRUCTIONS DATATONITS KEYS DATA/UNITS
1 Key in program r l[ Ir Jr J
(2 |initialize : i t |[rec |[+ |[Prom |
3 Perform fori=1,..., n: r —] F Jh ]F I
Input x-value and y-value 7xi N[ t Jlﬁ J I ” ]
PR | | |
4 Compute constants W r 09 J[ R/S J[ J a*
- | Y- | NN | I | N
5 Compute coefficient of deter- ﬁ J F 41 r ” J

mination

To calculate ?, input x

i T |
1w e I

[+

| 1 e e I s

L Perform step 6 as many times as ] L1 | I | | B
desired N | I I |
8 |For new case, go o step 2. I | I I |
l I[ | I |
* The stack must be maintained r ]r ” J L___l
lat these points [ JI J I____I ﬁ J
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Example:

x; | 3 4 6 10 12
yi | 1.5 93 | 234 | 458 | 60.1

Solution:
a=-47.02,b=41.39
y=-4702+41.391nx
2 =0.98

Forx =8, =139.06
For x = 14.5,¥ = 63.67
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POWER CURVE FIT

This program fits a power curve

y=ax? (a>0)
to a set of data points

{(xi, yi),i=1,2, .., n}

where x; > 0,y; > 0.
By writing this equation as

Iny=blnx+Ina
the problem can be solved as a linear regression problem.

Output statistics are:

1. Regression coefficients

(ZInx;)(ZInyj)
n
(2 In x{)?

n

Zlny; Z In x;
a=ex -b
P n n

2. Coefficient of determination

Z (Inxj) (Iny;) -

z (ln Xi)2 -

2

S 1nx) (S In y;
[zanxi)(lnyi)—( n n”}

2 =

T In x;)? 2 Iny;)?
[E(lnxi)z—(—gi)—j] |:E(lnyi)2—(——;i)—:|

3. Estimated value 3\/ for given x

auD

Note:

n is a positive integer and n # 1.
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DISPLAY DISPLAY
LINE| CODE E:ﬁ‘{" LINE| CODE E:%Y REGISTERS
T NN 25 | 2407 |[RCL7 Roa
01 1407 | fLN 26 61 |x R, b
02 31 |1 27 32 |CHS R, T (Iny)?
03 1502 | gx? 28 2404 |RCL4 Ran
04 | 235102 | STO+2 29 51 |+ RsZIny
05 22 | R{ 30 2403 |RCL3 RsZ (Inx) (Iny)
06 21 | x2y 31 71 |+ Rg T (In x)?
07 1407 | fLN 32 1507 |ge* R; % Inx
08 25 | Z+ 33 2300 |STOO
09 1300 | GTO 00 34 74 |R/S
10 2405 | RCL5 35 2401 |RCL 1
1 2407 | RCL7 36 74 |R/S
12 2404 | RCL 4 37 21 |x2y
13 61 | x 38 22 |R{
14 2403 | RCL 3 39 61 |x
15 71 | = 40 2402 |RCL2
16 41 | - 41 2404 |RCL4
17 2406 | RCL 6 42 1502 |gx?
18 2407 | RCL7 43 2403 |RCL3
19 1502 | g x* 44 71 |+
20 2403 | RCL 3 45 41 |-
21 71 |+ 46 71 |+
22 41 | - 47 1300 |GTO 00
23 71 | + 48
24 2301 | STO 1 49
STEP INSTRUCTIONS DATAIUNITS KEYS DTS
1 Key in program r “7 Ir ]r I
2 | initialize 7A[7f | rec || ¢ |[ prom |
3 Perform fori=1,..., n: [ 4” ” I[_ ]
[ [iputxvatveandyvae | x|t [ [ — 1
o e 0
4 Compute constants [ GTO Jﬁm ” R/S ]r l a*
I | | |
5 Compute coefficient of deter- N ) 4’ “ ] I ” J -
mination o 1 - [ R/S JI Jr ” l” rzk |

6 Input x-value and compufe? - X | RCL lr 1 “ f ” y* J

(Rl o JL «~ 1 &

7 |Performstep8asmany timesas | | Ll 1L Il /—
po ]
8 For new case, go to step 2. 7 [ ” ”7 “ I ]
| Il |
* The stack must be maintained [ B [l 1l |
|

at these points. I “ ”7 ] r
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Example:

x; | 10 12 15 17 20 | 22 25 27 30 | 32 35
y; | 095|1.05|1.25[1.41|1.73|2.00|2.53|2.98|3.85|4.59|6.02
Solution:

a=.03,b=1.46

y=.03xl.46

2 =0.94

Forx=18,y=1.76
x=23,y=252
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COVARIANCE AND CORRELATION COEFFICIENT

For a set of given data points {(xi, yi),i=1,2, .., n}, the covariance and the
correlation coefficent are defined as:

1

. 1
covariance sy, = ZXiYi - — ZXiZY;i
n

n-1
y_ | 1 .
Or Sy y =— Ex-,yi -— inZyi
n n
. N Sxy
correlation coefficient r = -
Sx Sy

where s, and s, are standard deviations

Txi? - (2x)?/n 2yi? - (Zyi)*/n

5 n-| % n-1
Note:
-1<r<1
DISPLAY DISPLAY
LINE | CODE E"“(%Y LINE | CODE E:%Y REGISTERS
00 [N N\ 25 71 [+ Ron-1
o1 31 |1 26 74 |R/S R, Used
02 1502 | g x* 27 1422 |fs R, = y?
03 | 235102 | STO+2 28 (237101 [STO+1 R3n
04 22 | RI 29 2402 |RCL 2 RsZy
05 21 | xy 30 2404 |RCL 4 Rs T xy
06 25 | =+ 31 1502 |g x? Rg T x?
07 1300 | GTO 00 32 2403 |RCL3 R; T x
08 2405 | RCL 5 33 71 |+
09 2404 | RCL4 34 41 |-
10 2407 | RCL 7 35 2400 |RCLO
1 61 | x 36 71 |+
12 2403 | RCL 3 37 1402 |f/x
13 71 |+ 38 (237101 [STO+1
14 41 | - 39 2401 |RCL 1
15 2403 | RCL3 40 1300 |GTO 00
16 01 |1 41
17 41 | - 42
18 2300 | STOO 43
19 71 | + 44
20 2301 | STO 1 45
21 74 | R/S 46
22 2400 | RCLO 47
23 61 | x 48
24 2403 | RCL3 49
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STEP INSTRUCTIONS DATAIONITS KEYS DATA/UNITS
1 Key in program [ ” ” —“ ] o B
2 Initialize f I PRGM || f ” REG '
3 Perform this step fori=1,2,....n Xj I t ” ” ”
v eI
4 | Compute covariance Sxy N l GTO l[ 08 ” R/S ” I  Sxy |
5 CompL,‘,t,e, Sy | | ’ R/S J [7 ” JI J Sxy
6 Compute correlation coefficient I R/S I [ I I ” l r
7 | For ne;;/-case, go to step 2. I Ir ” |r ]
Example:
Xi| 26| 30|44 | 50| 62| 68 | 74
yi| 92|85 |78 | 81 | 54| 51 | 40

Solution:
Syy = —354.14
Sxy' =-303.55

r=-096
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MOMENTS AND SKEWNESS

This program computes the following statistics for a set of given data {xl , X5,
. xn}:

_ 1
1 moment X =— Y x;

1 _
2" moment m, = — ¥x;? -x?
n

1 3 _ _
3™ moment mj=— Ex;* - =X Ix;2 +2x°
n n

moment coefficient of skewness

_ msy
Y1 T ———
m, 3/2
DISPLAY KEY DISPLAY KEY REGISTERS
LINE | cope | ENTRY LINE | cope | ENTRY

00 [\ 25 71 [+ Ro m;
o1 31 |t 26 03 |3 R, m,
02 1502 |gx? 27 61 |x R, X
03 25 |+ 28 41 |- Rsn
04 1300 | GTO 00 29 2402 |RCL 2 R, 2 x
05 2404 |RCL 4 30 31 |t Rs 2 x®
06 2403 [RCL3 31 1502 |gx* Re 2 x*
07 71 |+ 32 61 |x R, = x?
08 2302 |STO 2 33 02 |2
09 74 | R/S 34 61 |x
10 2407 | RCL7 35 51 |+
11 2403 |RCL3 36 2300 |STOO
12 7|+ 37 74 |R/S
13 2402 | RCL2 38 2400 |RCLO
14 1502 |gx? 39 2401 |RCL 1
15 41 | - 40 01 |1
16 2301 [STO 1 41 73
17 74 | R/S 42 05 |5
18 2405 | RCL5 43 1403 [fy*
19 2403 | RCL3 44 71 |+
20 71 |+ 45 1300 [GTO 00
21 2407 | RCL7 46
22 2402 | RCL2 a7
23 61 | x 48
24 2403 | RCL 3 49
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8 For new case, go to step 2.

1

STEP INSTRUCTIONS DATAONITS KEYS DATATONITS
1 Key in program [ “ 41 F ” I
2 | nitiaize 7 Jlerem J[ [ rec | |
3 |Performfori=1,2,.,n: l I | |
[ | input xovalue w [ rs [ i 1] i
i 4 | Delete erroneous data Xk I t J r g JI x? JI f l
C= 1 I 1 |
5 | Compute the mean [ero [ os |[ ms [ ] %
%6 Compute tr;é second and third I J r “ JI J |
moments s 1l 1 m
3 Gl L =
7 Compute the moment coefficient l JI J[ ” J
| of skewness [ rs |[ Il 1l | m
|

l I | |

Example:

i 1 213 4 5

X; [21]135(4265(4.1]36]5313.7149
Solution:
x =4.21
m, =1.39
m3 =0.39
v, =0.24



Chapter 6 Statistics 105

NORMAL DISTRIBUTION

The density function for a standard normal variable is

1 x?
f(x)=——e™ 73 .

V2m

The upper tail area is

o 2
Q(x) = L f e 2 dt.
\ 2w

X

f(x)

\

=

For x = 0, polynomial approximation is used to compute Q(x):
Q(x) = f(x) (by t+by t2+by 7 +by t* +bs t7) +e(x)

where |e(x)] < 7.5x 1078

L

t= —,1r=0.2316419

iri+ rx
b, =.31938153, b, = -.356563782
by =1.781477937, b, =-1.821255978
bs =1.330274429

Note:

The program only works for x = 0. Equations f(-x) = f(x), Q(-x) = 1-Q(x),
where x 2 0, can be used to find f and Q for negative numbers.

Reference:

Abramowitz and Stegun, Handbook of Mathematical Functions, National
Bureau of Standards, 1968.
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DISPLAY DISPLAY KEY
LINE | CODE E:‘(ﬁ‘{Y LINE | cope | ENTRY REGISTERS
00 NI N\ 25 61 [x Ror
o1 31 |1 26 2404 |RCL4 Ry b,
02 2306 | STO 6 27 51 |+ R, b,
03 61 | x 28 61 | x R3 bs
04 02 |2 29 2403 | RCL3 R4 by
05 71 | + 30 51 |+ Rs bs
06 32 | CHS 31 61 | x Rg x
07 1507 | ge* 32 2402 | RCL 2 R, f(x)
08 1573 | gm 33 b1 | +
09 02 |2 34 61 | x
10 61 | x 35 2401 | RCL 1
11 1402 | f/x 36 51 |+
12 71 | + 37 61 | x
13 2307 | STO7 38 2407 | RCL7
14 74 | R/S 39 61 | x
15 2400 | RCLO 40 1300 | GTO 00
16 2406 | RCL 6 41
17 61 | x 42
18 01 |1 43
19 51 | + 44
20 1522 | g 1/x 45
21 31|t 46
22 31 |t 47
23 31 | 1 48
24 2405 | RCL5 49
STEP INSTRUCTIONS oATAORITS KEYS DATA/UNITS
1| Key n rogram L L L]
2 [ nitialize 7 Jferem [ [ ]
3 Store constants r [ STO Jl 0 ” ” ]
i oo Lsro [0 J[ | i
S T
oo |[sto J[ 3 | I[ |
o G« L]
be ([sto J[ s [ | |
4 Input x and compute f(x) X r R/S ” ” ” ] f(x)
5 | Compute Q(x) [ ris ] 1| Bl | Qlx)
6 For a new case, go to 4. I J I Jl ” J




Examples:

I. x=1.18

2. x=228

Solutions:

1.  f(x)=0.20
Q(x)=0.12

2. f(x)=0.03

Q(x)=0.01

Chapter 6 Statistics

107
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INVERSE NORMAL INTEGRAL

This program determines the value of x such that

t2
s
Q=f © gt
x  \2m

where Q is given and 0 < Q < 0.5.

The following rational approximation is used:

CotCy ttc, t?
X=t- +€(Q)
1+d, t+dy 2 +d; 63

where [e(Q)] <4.5 x 1074
t= In ,]V
Q2
co =2.515517 d, = 1432788
¢; =0.802853 d, =0.189269

¢, =0.010328 d; =0.001308

Reference:

Abramowitz and Stegun, Handbook of Mathematical Functions, National
Bureau of Standards, 1968.
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DISPLAY DISPLAY
LINE | CODE E:%{Y LINE | CODE E:ITE:Y REGISTERS
00 N\ 25 51 |+ Ro Co
o1 31 |1 26 61 |x Ric
02 61 | x 27 2400 |RCLO R, c,
03 1522 g 1/x 28 51 |+ R, d,;
04 1407 |fLN 29 2407 |RCL7 R, d, ]
05 1402 | fv/x 30 71 |+ Rs ds
06 2306 | STO6 31 a1 |- Rg t
07 31 [t 32 1300 |GTO 00 Ry 1+d;t+dyt* +dyt°
o8 31 [t 33
09 31 |1 34
10 24 05 | RCL5 35
1 61 | x 36
12 2404 | RCL4 37
13 51 | + 38
14 61 | x 39
15 2403 | RCL3 40
16 51 |+ a1
17 61 | x 42
18 01 |1 a3
19 51 | + a4
20 2307 [STO7 a5
21 34 | cLx 46
22 2402 | RCL 2 a7
23 61 | x a8
24 2401 | RCL 1 49
STEP INSTRUCTIONS DATAIONITS KEYS ek s S
1 Key in program ﬂi ” ” —” ] I
—2 Initialize I f ” PRGMJI ” ]
3 |Store constants Co [ STO “ 0 ]I ” I
o lso J[ 0 ] i |
@ |lso J[ 2 || Il ]
) TR S N . —
e o e L]
ds [so J[ s [ [ |
4 |inputa Q [ris | [ I[ |
5 For a new case, go to 4. [ “ ” ” J
Examples:
1. Q=0.12
2. Q=005
Solutions:
1. x=1.18
2. x=1.65
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This program will compute factorials for positive integers between 2 and 69.

n'=n(n-1)(n-2)..12)1)

Chapter 6 Statistics

Notes:

1.

For large values of n, the program will take some time to arrive at a

FACTORIAL

result, up to a maximum of about 20 seconds for n = 69.

2.  The program does not check input values and will return incorrect
answers for values of n <2 or n > 69 or n non-integer.
DISPLAY DISPLAY
LINE | CODE E:‘(%Y LINE | CODE E:%Y REGISTERS

oo [y | 25 Ro Used

o1 31 |1t 26 R,

02 01 |1 27 R,

03 2300 [ STOO 28 Rs

04 21 | x2&y 29 R,

05 |236100 | STO X0 30 Rs

06 01 |1 31 Re

07 41 | - 32 R,

08 14 61 | f x#y 33

09 1305 | GTO 05 34

10 2400 | RCLO 35

11 1300 | GTO 00 36

12 37

13 38

14 39

15 40

16 41

17 42

18 43

19 44

20 45

21 46

22 a7

23 48

24 49
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STEP

INSTRUCTIONS

INPUT
DATA/UNITS

KEYS

OUTPUT
DATA/UNITS

Key in program

L]

=

t |lerem [ |

l
2| Initialize [
3 |Keyinn(2<n<69) n | EE 1| 1 [ | !
4 For a new n, go to step 3. [ J[ J[ “ ]
Examples:
1. 5!'=120.00

2.

10! =3628800.00
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PERMUTATION

A permutation is an ordered subset of a set of distinct objects. The number of
possible permutations, each containing n objects, that can be formed from a
collection of m distinct objects is given by

!
mPn SSELL mm-1)...(m-n+1)

(m - n)!
where m, n are integers and 0 < n <m.

Notes:

1. P, can also be denoted by P} , P(m,n) or (m),,.

2. mPo=1, Py =m, P, =m!

DISPLAY KEY DISPLAY KEY REGISTERS
LINE | coDe | ENTRY LINE | coDe | ENTRY
00 [LNNNNRNNN 25 1315 |GTO 15 | [Rom
o1 2400 | RCLO 26 22 |RI Rin
02 2400 [ RCLO 27 22 |RY R, ]
03 2401 | RCL 1 28 1300 |GTO 00 R,
04 1571 | g x=0 29 01 |1 LN
05 1329 [ GTO29 | | 30 1300 |GTO 00 Rs
06 1471 | fx=y 31 | 01 |1 Re
o7 1331 | GTO 31 32 41 |- R,
| 08 1451 | fx>y 33 1571 |gx=0
09 1339 [ GTO 39 34 1337 |GTO 37
10 01 |1 35 |236100 [STOxO
" 1471 | fx=y | 36 1331 |GTO 31
12 1341 | GTO 41 37 | 2400 |RCLO
13 22 | R{ 38 1300 |GTO 00
14 | 4 |- | 39 | 00 o
15 o1 [1 40 71 |+
16 51 |+ 41 22 |R!}
17 | 61 |« | 42 22 |R}
| 18 | 1473 [fLASTx | [ 43 | 1300 |GTOO00
| 19 | 2400 [RCLO | | 44
20 01 |1 a5
21 | 41 | - 46 | |
22 1471 | fx=y »A447
23 | 1326 | GTO 26 48
24 | 2[RI 49
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STEP INSTRUCTIONS DA'T','S‘JL,TS KEYS oﬂ‘iﬁﬂ‘dﬁs
1 Key in program [ ” ” ” J

2 [swemn S | I A
o oo |Lsto L0 ] 1l | |
3 | compute permutations [+ [ rrem |[ ris | | mPn
"4 | For new case,go to step 2. T Il 1 |

Examples:
1. 43P3 =74046.00

2. 73P4 =26122320.00
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COMBINATION

A combination is a selection of one or more of a set of distinct objects
without regard to order. The number of possible combinations, each
containing n objects, that can be formed from a collection of m distinct
objects is given by

m! ~_mm-=-1)..(m-n+1)

_(m—n)!n! 1-2-«...°n

mCn

where m, n are integers and 0 < n <m.

This program computes ,,, C;, using the following algorithm:

i

Ifn<m-n

C - m-n+1 m-n+?2 m
men 1 2 Toon
2. Ifn>m - n, program computes ,,Cp, _p.
Notes:
I.  »C,. which is also called the binomial coefficient, can be denoted by
~m m
(111 ’ C(n]»n)’ or ( n )
A v~
= m( n - m( m-n
30 mCo=mCy =1
4. m(‘l :m(m—l =m
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DISPLAY DISPLAY
T E:lTE;Y T oo E:$;Y REGISTERS
oo [l 25 2401 |RCL 1 Ro max (n, m - n)
o1 41 | - 26 71 |+ R Used
02 14 73 | f LASTx 27 [236102 |STOx2 R, Used
03 1441 | fx<ly 28 22 | RY R3
04 21 | x2y 29 1313 [GTO 13 R4
05 2300 | STOO 30 01 |1 Rs
06 01 |1 31 1300 |GTO 00 Re
07 2301 | STO 1 32 R,
08 51 | + 33
09 2302 | STO 2 34
10 22 | RY 35
11 1671 | g x=0 36
12 1330 | GTO 30 37
13 01 |1 38
14 2401 | RCL 1 39
15 51 | + 40
16 2301 | STO 1 41
17 21 | xQy 42
18 1451 | f x>y 43
19 1322 | GTO 22 a4
20 2402 | RCL 2 45
21 1300 | GTO 00 46
22 22 | x2y a7
23 2400 | RCLO 48
24 51 | + 49
STEP INSTRUCTIONS b Alr':\%ans KEYS o/?T%erJ«TTs
1 Key in program r “ J ! ” l
2 Keyinrrr;armrin” m [ 1 H ” ” I
n [t [ rrem |[ ris | | mCn
_>3. For new case, go to step 2. I I I I I ” ]
Examples:
1. 73C4 = 1088430.00
2. 43C3 =12341.00
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RANDOM NUMBER GENERATOR

This program calculates uniformly distributed pseudo random numbers u; in
the range

O<uy<l
using the following formula:
u; = Fractional part of [(m +u;_;)°].

The user has to specify the starting value u, (the “seed” of the sequence)
such that

o< Uo <.
DISPLAY KEY DISPLAY KEY REGISTERS
LINE | cope | ENTRY | I\Ne [ cope | ENTRY

00 NN R ED Ro v
o1 1573 |gm 26 R
02 2400 | RCLO 27 Ra
03 51 |+ 28 Rs
04 05 |5 29 Ra
05 1403 | fy* 30 Rs
06 1501 | g FRAC 31 Re
07 2300 | STOO 32 R,
08 1300 | GTO 00 33

09 34

10 35

T 36

12 37

3 38

14 39

15 40

16 41

17 42

18 43

19 a4

20 45

1 46

22 a7

23 48

24 49
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STEP INSTRUCTIONS DATAIONITS KEYS DATATUNITS
1 Key in program r ” I [ ” ]
2 | Store seed w [ so [ o [ ¢ | erom |
I 3 | Generate random number [ R/S “ ” ” J Y
4 Repeat step 3 as many times as [ J I ” ” ]
| desired [ I | |
5 For new sequence, go to step 2. [ 4’ I J{ ” I

Example:

Find the sequence of random numbers generated from a seed of 0.192743568.

Solution:
0.14,0.76,0.15,0.35,0.62,0.54,0.62,091,0.48,0.24, . . ..
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CHI-SQUARE EVALUATION

This program calculates the value of the x* statistic for the goodness of fit
test by the equation

n 2 )\2
(O; - Ep)
2 — z

. . Ei‘_

1= 1

where  O; = observed frequency
E; = expected frequency.

The x? statistic measures the closeness of the agreement between the
observed frequencies and expected frequencies.

Notes:

1. In order to apply this test to a set of given data, it may be necessary to
combine some classes to make sure that each expected frequency is not
too small (say, not less than 5).

2. If the expected frequencies E; are all equal to some value E, then E
should be computed beforehand as

and then input at each step as the expected frequency E;.
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DISPLAY DISPLAY
T eV T conc ENTRY REGISTERS
00 AN 25 2300 |STOO Ron
o1 00 |0 26 1304 |GTO 04 R, x?
02 2300 [STOO 27 R, E;
03 2301 |[STO 1 28 Rs
04 74 | R/S 29 R,
05 2302 | STO 2 30 Rs
06 41 | - 31 Re
o7 1502 | g x? 32 R;
08 24 02 | RCL2 33
09 7 |+ 34
10 | 235101 [ STO+1 35
11 2400 | RCLO 36
12 01 |1 37
13 51 | + 38
14 2300 | STOO 39
15 1304 | GTO 04 40
16 2302 | STO 2 41
17 41 | - 42
18 1502 | g x* 43
19 2402 | RCL2 44
20 71 | + 45
21 | 234101 | STO -1 46
22 2400 | RCLO a7
23 01 |1 48
24 41 | - 49
STEP INSTRUCTIONS DATAONITS KEYS OATAIONITS
1 Key in program [ “ J[ I[ ]
(2 |Initialize [ t |lerem |[ ms |[ ] 0.00
3 Perform fori=1,..., n: [ﬁl ” Jr—j
= Input observed and expected I ” J I ” l
[ frequencies O [ t I [ J I l [ |
E; L rs || I I[ | i
4 |Delete erroneous data Ok I 1 ] l ] [ IF ]
e |Coro ]l Jlms I 4
5 |Display x* [ RCL JI 1 ” ” I X
—6' For new case, go to step 2. [ I I Jl “ ]
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Example:

0; | 8 50 47 56 5 14
E; |96 | 4675 | 51.85 | 544 | 825 | 9.15
Solution:

x> =484
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PAIRED t STATISTIC

Given a set of paired observations from two normal populations with means
M1, M2 (unknown)

Xj J X1 X2 Xn
Yi I Y1 Y2 Yn
let
D; = xj -y;j
n
D:i Di
n

s =
b n-1
Sp
Sp =
Vn
The test statistic
D
t=—
SD

which has n - 1 degrees of freedom (df), can be used to test the null
hypothesis

Ho:py = ;.
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DISPLAY DISPLAY
LINE | CODE E:;:;V LINE | CODE E:%Y REGISTERS
oo [N 25 Ro
o1 41 | - 26 R,
02 25 | 2+ 27 R,
03 1300 | GTO 00 28 Rin
04 1422 | fs 29 R4 Used
05 2403 | RCL3 30 R s Used
06 1402 | f/x 31 R ZD;
07 71 | + 32 R, =D;?
08 1421 | fx 33
09 21 | x2y 34
10 71 | + 35
11 74 | R/S 36
12 2403 | RCL 3 37
13 0111 38
14 41 | - 39
15 1300 | GTO 00 40
16 41
17 42
18 43
19 44
20 45
21 46
22 47
23 48
24 49
s wermucnows | outihns ers oo
1 Key in program [-_—J [—_j [_—__] [—_—]
%2 Initialize ﬂl f ” REG | f “ PRGM l; .
3 Perform fori=1,..., n: [___] l—_j ’-—_][_—j
B Inpu;;eir;air of observations X; [ t J r J r J F J 77777 N
PR LT |
4 Delete erroneous data Xk [ t J[ ]r ” I
B o v e e I
5 | Compute tand df [ero |[ oa [ rs |[ | t
» - 0 | I | N N |
6 For new case, go to step 2. r J‘ “ ”7 J




Example:
x; |14 17.5 17 17.5 15.4
y;i |17 | 20.7 216 | 209 17.2
Solution:
t=-7.16

df =4.00
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t STATISTIC FOR TWO MEANS

Suppose {x,, X2y eee an} and {y,, Vas ees ynz} are independent random
samples from two normal populations having means u,, y, (unknown) and
the same unknown variance o2.

We want to test the null hypothesis
Ho:py —p2 =D

where D is a given number.

Define
-
;=— Z Xj
S N
T
y=— Yi
N2 =
X -V -

/ /Ex, -n; X2 +3y?-n,y?
n; +n, -2

We can use this t statistic, which has the t distribution with n; +n, - 2
degrees of freedom, to test the null hypothesis Hy.
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DISPLAY DISPLAY KEY
LINE | CODE Exﬁ*{Y LINE | cope | ENTRY REGISTERS
T A 25 | 2401 [RCL1 Ro ni
(0)] 2403 | RCL 3 26 2402 |RCL2 R, Zx?
02 2300 [STOO 27 1502 |gx?2 R, X
03 2406 | RCL6 28 2400 |RCLO Rjn,
04 2301 [STO1 29 61 |x R4 Used ]
05 1421 | fx 30 41 |- R s Used
06 2302 | STO2 31 2406 |RCL6 Re Zy?
07 34 | cLX 32 51 |+ R; Zy
08 2303 | STO 3 33 1421 |fx
09 2306 | STO6 34 1502 |g x?
10 2307 | STO7 35 2403 |[RCL3
1 74 | R/S 36 61 |x
12 31 |1t 37 41 |-
13 1421 | fx 38 2400 |RCLO
14 51 | + 39 2403 |RCL3
15 2402 | RCL 2 40 51 |+
16 21 | x2y 41 02 |2
17 41 | - 42 41 |-
18 2400 | RCLO 43 71 |+
19 1522 | g 1/x 44 1402 |f/x
20 2403 | RCL 3 45 71 |+
21 1522 | g1/x 46 1300 |GTOO00
22 51 | + 47
23 1402 | f/x 48
24 71 | = 49
STEP INSTRUCTIONS DATORITS KEYS oATATONITS
1 Key in program [ ” ” ” ] |
(2 |initialize [ ¢ Jlres | B ]
3 Perform fori=1,.., n;: I “ J[ ]r J
B Input x-value X; [ Z+ JI “ ” l i
4 |initialize for y [ ¢+ Jlerom || mis || | 0.00
5 Perform fori=1,.., ny: [ “ Jr ]r J
| Input y-value Yi l Z+ F ” “ l !
6 Input D and compute t D | R/S F lr ]r ] | t |
7 To find the means of x- and y- I Jl Jl Ir |
values r RCL ” 2 JI Jr I X |
| e L= JL 1 v
8 ) For a new case, go to step 2. [ “ ” ]r 1
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Example:
x: 79, 84, 108, 114, 120, 103, 122, 120
91, 103, 90, 113, 108, 87, 100, 80, 99, 54
n, =8
n, =10
D=0 (i.e,Ho: iy = 2)

Solution:
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ONE SAMPLE TEST STATISTICS FOR THE MEAN

For a normal population (x,, X, ..., X,) with a known variance 02, a test of
the null hypothesis

Hy: mean u = u,

is based on the z statistic (which has a standard normal distribution)

_ \/f_l (X = o)
z B .

If the variance o? is unknown, then

\/lT (X = uo)

N

t=

is used instead. This t statistic has the t distribution with n - 1 degrees of
freedom. X and s are the sample mean and standard deviation.

DISPLAY DISPLAY KEY
LINE CODE Ez]E'FY!Y LINE CODE ENTRY REGISTERS
00 RN |28 Rovn (X - o)
o1 1421 | fx 26 R,
02 21 | x2y 27 R,
03 41 | - 28 R3n
04 2403 | RCL 3 29 R, Used
05 1402 | f/x 30 R Used
06 61 | x 31 Re ox
07 2300 | STOO 32 R, 5x2
08 34 | cLX 33
09 74 | R/S 34
10 2400 | RCLO 35
11 1422 | fs 36
12 71 |+ 37
13 74 | R/S 38
14 2400 | RCLO 39
15 21 | x2y 40
16 71 | + 41
17 1300 | GTO 00 42
18 43
19 44
20 45
21 46
22 47
23 48
24 49
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STEP INSTRUCTIONS R v KEYS DATA/UNITS
1 Key in program I ” ” “ I
2 | Initialize [ f ] REG l l______l
3 |Performfori=1,., n: [ Il | |
Input value L= [ i [ ] i
2 | inpot g o [+ |[erom || ris || | 0.00
|5 | computet - o [ e [ ms | |
or I I | I |
5 | Input 0 and compute z o [ ero |[ 14 |[ ms | | z
6 For new case, go to step 2. [ “ ” 4” I
Example:

Suppose uy = 2, for the following set of data

{2.73,0.45,2.52, 1.19,3.51,2.75,1.79,1.83,1,0.87,1.9,1.62,1.74,1.92,

124,2.68 }

Solution:
test statistic t = —.69

orz=-57ifo=1.



